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Abstract
We investigate entanglement properties in the ground state of the open/periodic
SU(n) generalized valence-bond-solid state consisting of representations of
SU(n). We obtain exact expressions for the reduced density matrix of a block
of contiguous spins and explicitly evaluate the von Neumann and the Rényi
entropies. We discover that the Rényi entropy is independent of the parameter
α in the limit of large block sizes and its value 2 log n coincides with that of von
Neumann entropy. We also find the direct relation between the reduced density
matrix of the subsystem and edge states for the corresponding open boundary
system.

PACS numbers: 75.10.Pq, 03.65.Ud, 03.67.Mn, 05.70.Jk

1. Introduction

There is considerable current interest in quantifying entanglement in various quantum many-
body systems. Entanglement in spin chains, correlated electrons, interacting bosons and other
models was studied in detail [1–20]. Entanglement is a resource for quantum computation, it
shows how much correlation we can use to control quantum devices [21, 22]. There are several
different measures of entanglement. The most famous is the von Neumann (entanglement)
entropy of a subsystem [21]. This measure has recently been used to detect quantum phase
transitions and topological/quantum order [23, 24] in strongly correlated systems. We can
also use the Rényi entropy to quantify the entanglement. The Rényi entropy was first proposed
in information theory [25]. The von Neumann entropy S(ρA) and the Rényi entropy Sα(ρA)
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are defined as follows:

S(ρA) = −Tr(ρA log ρA) (1)

Sα(ρA) = 1

1 − α
log Tr(ρα

A), α �= 1 and α > 0. (2)

Here ρA is the reduced density matrix of subsystem A and the power α is an arbitrary parameter.
The Rényi entropy characterizes the mixed state much better: if we know the Rényi entropy
at any α we know all eigenvalues of the density matrix.

Studying entanglement also helps us to understand the physics of quantum spin systems
[1, 2]. The model introduced by Affleck, Kennedy, Lieb and Tasaki (AKLT model)
[26, 27] plays a very important role in condensed matter physics. The exact ground state of
this model is known as the valence-bond-solid (VBS) state. In 1983, Haldane [28] conjectured
that the antiferromagnetic Heisenberg Hamiltonian describing half-odd-integer spins is gap-
less, but for integer spins it has a gap. The AKLT model agrees with this conjecture and
enables us to understand the ground-state properties of gapped spin chains in a unified fashion.
The construction of the AKLT-type model is not restricted to one dimension. In fact, the
AKLT model was formulated on an arbitrary graph and an integration over classical spins
was used for the evaluation of correlation functions in the VBS ground state [29]. The VBS
state has attracted revived interest from the viewpoint of quantum information theory. An
implementation of the AKLT model in optical lattices was proposed recently [30], and the use
of the AKLT model for universal quantum computation was discussed in [31]. The VBS state
is also closely related to the Laughlin wavefunction [32] and to the fractional quantum Hall
effect [33]. Entanglement in S = 1 AKLT model was first considered in [34]. Then the results
were generalized to the arbitrary integer spin case in [35, 36]. An interesting generalization
of the AKLT model to the SU(n) version was constructed in [37, 38].

In this paper we study entanglement in the SU(n) version of the AKLT model. We
consider entanglement of a block of spins with the rest of the ground state. We evaluate the
von Neumann and the Rényi entropies of the block. We first confirm that the von Neumann
entropy of a large block of spins reaches saturation. This is a partial proof of the conjecture
proposed by Vidal et al [3]. In the SU(2) AKLT and the XY spin chains, this conjecture
has already been proved and the limiting entropy of the large block of spins was explicitly
calculated [6, 34, 35, 39–41]. We find the essential simplification in the limit of large block
sizes. In this limit, we discovered that the Rényi entropy is independent of α, actually it
coincides with the value of von Neumann entropy 2 ln n. This means that the density matrix
of the block is proportional to the identity matrix of dimension n2. It is different from the XY
spin chain, where the density matrix of the large block is infinite dimensional and eigenvalues
are different (see [42]). We also explore the connection between the reduced density matrix
of the subsystem and degenerate ground states for the corresponding open boundary system.

The paper is organized as follows. In the following section, we will study entanglement
in the ground state of the SU(n) AKLT model with boundary spins. This section is the main
part of this paper. The von Neumann entropy and the Rényi entropy will be evaluated for
the block of neighboring spins. We will also discuss the direct relation between the reduced
density matrix for the block and the degenerate ground states of the AKLT model with an open
boundary condition. In the third section, we will investigate entanglement in the ground state
of the SU(n) AKLT model with a periodic boundary condition. In this section, we will obtain
the explicit form of the reduced density matrix. The finite-size effect of the von Neumann
and the Rényi entropies will be studied. The last section will be devoted to summary and
discussions.
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Figure 1. (a) Construction of the SU(n) VBS state. White and black dots represent the
SU(n) fundamental and its conjugate representations, respectively. A dimer corresponds to
the singlet state |�0,0〉 and a circle denotes the projection onto the adjoint representation.
(b) The decomposition rule for the tensor product of �⊗ �̄. (c) Young tableaux corresponding to
[n, n] and [n, n − 1, 1]

2. The SU (n) VBS state with boundary spins

2.1. Construction of the SU(n) VBS state

In this section, we consider the SU(n) VBS state with boundary spins and calculate the von
Neumann entropy (entanglement entropy) and the Rényi entropy of a block of contiguous
spins. What we mean by ‘spin’ in our system is an adjoint representation of SU(n). We shall
first construct an SU(n) VBS state which consists of N adjoint representations of SU(n) in
the bulk and fundamental and conjugate representations of SU(n) on the boundary. First, we
prepare sites k (k = 0, 1, . . . , N) and k̄ (k = 1, 2, . . . , N + 1) and arrange SU(n) singlets
consisting of a fundamental (�) and its conjugate (�̄) representations as shown in figure 1(a)
[43]. We assign |j 〉(j = 0, 1, 2, . . . , n − 1) to the fundamental representation, while
|j̄ 〉(j = 0, 1, 2, . . . , n − 1) to the conjugate representation. |j̄〉 can be represented by the
tensor product of (n − 1)|j 〉’s as

|j̄〉 ≡ 1√
(n − 1)!

∑
α2,...,αn

εjα2,...,αn |α2, . . . , αn〉, (3)

where εjα2,...,αn is a totally antisymmetric tensor of rank n. Using |j 〉 and |j̄〉, an SU(n) singlet
state |�0,0〉 can be represented as a maximally entangled state,

|�0,0〉 = 1√
n

n−1∑
j=0

|j 〉|j̄〉. (4)

The above relation can be easily confirmed by inserting the resolution of the identity
1 = ∑n−1

j=0 |j 〉〈j | and substituting equation (3). Next, we prepare the adjoint representation of
SU(n) by projecting the tensor product � ⊗ �̄ onto an (n2 − 1)-dimensional subspace. This
procedure corresponds to circles in figure 1(a). In figure 1(b), we visualize the decomposition
rule � ⊗ �̄ = (singlet) ⊕ (adjoint). Then we obtain the SU(n) adjoint representation at each
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composite site (k, k̄). Henceforth we shall call this composite site k. Finally, we can represent
the SU(n) generalized VBS state as

|G〉 = (⊗N
k=1 Pkk̄

)|�0,0〉01̄|�0,0〉12̄ · · · |�0,0〉NN+1, (5)

where Pkk̄ is a projection operator onto an adjoint representation of SU(n).
Let us now consider the Hamiltonian whose ground state is the above state we have

constructed. The Hamiltonian can be constructed along the same line as the AKLT model,

H =
N−1∑
k=1

Hk + π0,1 + πN,N+1, Hk =
∑
Y

aY P Y
k,k+1, (6)

where Y is a Young tableau which is neither [n, n] nor [n, n − 1, 1]. Here we have assigned
[κ1, . . . , κλ1 ] to the Young tableau Y, where κj is the number of boxes in the j th column and λ1

is the number of boxes in the first row. P Y
k,k+1 is a projection operator which projects (adjoint)

⊗ (adjoint) onto a representation characterized by Y and the coefficient aY can be an arbitrary
positive number. The reason why [n, n] and [n, n − 1, 1] are excluded from the sum is the
following. Since � at site k and �̄ at site k + 1 have already formed a singlet in the ground
state (5), the possible representations obtained from the decomposition of (adjoint) ⊗ (adjoint)
are restricted to [n, n] and [n, n − 1, 1] (graphically shown in figure 1(c)). π0,1 and πN,N+1

are boundary terms which assure the uniqueness of the ground state of this Hamiltonian. π0,1

and πN,N+1 can be written in terms of the projection operators acting on the tensor products
(fundamental) ⊗ (adjoint) and (conjugate) ⊗ (adjoint), respectively. By construction, the
SU(n) VBS state (5) is a zero-energy ground state of this Hamiltonian. We should note here
that another construction of Hamiltonian by Greiter and Rachel [38] is similar but slightly
different from ours.

2.2. Reduced density matrix and von Neumann and Rényi entropies

Next, we consider the reduced density matrices of subsystems of the ground state |G〉. To
calculate the reduced density matrix, it is more convenient to recast the chain of singlets
|�0,0〉01̄|�0,0〉12̄ · · · |�0,0〉NN+1 in equation (5) in a different form. Let us first consider a chain
of two singlets |�0,0〉01̄|�0,0〉12̄. We can rewrite this product state as

|�0,0〉01̄|�0,0〉12̄ = 1

n

n−1∑
l=0

n−1∑
m=0

|�l,m〉02̄|�l,−m〉1̄1, (7)

where |�m,n〉 is a basis of the maximally entangled state defined by

|�l,m〉 = (Ul,m ⊗ I )|�0,0〉. (8)

Here I is an n-dimensional identity matrix and Ul,m = XlZm (m, n = 0, 1, . . . , n − 1)

are generalized Pauli matrices, where the unitary operators X and Z act on |j 〉 as X|j 〉 =
|j + 1(modn)〉 and Z|j 〉 = ωj |j 〉 with ω = e2π i/n, respectively. One can easily show the
relation (7) by using the fact that |�0,0〉 is invariant under the action of (Ul,m⊗Ul,−m) [44]. This
procedure can be regarded as a multi-dimensional generalization of entanglement swapping.
Repeatedly using the relation (7), we can generalize in a straightforward way to a chain of
singlet states,

|�0,0〉01̄|�0,0〉12̄ · · · |�0,0〉NN+1 = 1

nN

∑
(l1,m1)

· · ·
∑

(lN ,mN )

∣∣�l1,−m1

〉
1̄1 · · · ∣∣�lN ,−mN

〉
N̄N

× (
Ul1,m1 · · ·UlN ,mN

⊗ I
)|�0,0〉0N+1, (9)
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where (lk,mk) (k = 1, 2, . . . , N) runs from (0,0) to (n − 1, n − 1). To obtain the ground
state |G〉 from (9), we have to make a projection onto the subspace of adjoint representation
at each site k. Since the decomposition rule � ⊗ �̄ = (singlet) ⊕ (adjoint) and the fact that
|�0,0〉 is an SU(n) singlet, the vector space of the adjoint representation is spanned by |�l,−m〉
((l,m) �= (0, 0)). Then the only thing to do is to omit the summation over (lk,mk) = (0, 0)

in equation (9). The SU(n) generalized VBS state can be rewritten as

|G〉 = 1

(n2 − 1)N/2

∑
(l1,m1)�=(0,0)

· · ·
∑

(lN ,mN )
�=(0,0)

∣∣�l1,−m1

〉
1̄1

· · · ∣∣�lN,−mN

〉
N̄N

(
Ul1,m1 · · · UlN ,mN

⊗ I
)|�0,0〉0N+1, (10)

where we have already normalized |G〉 by the factor 1/(n2 − 1)N/2.
Let us now consider the reduced density matrix of a block of contiguous spins of length

L. We first suppose that the block starts from site k and stretches up to k + L − 1, where k � 1
and k + L − 1 � N . The reduced density matrix is obtained by taking the trace over the sites
j = 0, 1, . . . , k − 1 and j = k + L, . . . , N,N + 1 as

ρL = Tr1,...,k−1,k+L,...,N,0,N+1|G〉〈G|
= 1

(n2 − 1)N

∑
(l1,m1)�=(0,0)

· · ·
∑

(lk−1,mk−1)
�=(0,0)

∑
(lk+L,mk+L)

�=(0,0)

· · ·
∑

(lN ,mN )
�=(0,0)

∑
(lk ,mk)�=(0,0)

∑
(l′k ,m

′
k)�=(0,0)

· · ·
∑

(lL+k−1,mL+k−1)
�=(0,0)

∑
(l′L+k−1,m

′
L+k−1)

�=(0,0)

× ∣∣�lk,−mk

〉
k̄k

〈
�l′k ,−m′

k

∣∣ · · · ∣∣�lL+k−1,−mL+k−1

〉
L+k−1L+k−1

〈
�l′L+k−1,−m′

L+k−1

∣∣
× Tr0,N+1(U1V U2 ⊗ I )|�0,0〉0N+1〈�0,0|(U1V

′U2 ⊗ I )†, (11)

where U1 = Ul1,m1 · · ·Ulk−1,mk−1 , U2 = UlL+k ,mL+k
· · · UlN ,mN

, V = Ulk,mk
· · ·UlL+k−1,mL+k−1 and

V ′ = Ul′k ,m
′
k
· · · Ul′L+k−1,m

′
L+k−1

. To rewrite equation (11), we use the following property of |�0,0〉:
(S ⊗ T )|�0,0〉 = (ST t ⊗ I )|�0,0〉 = (I ⊗ T St )|�0,0〉, (12)

where S and T are n-dimensional unitary operators acting on |j 〉 and |j̄ 〉, respectively, and the
superscript t denotes the matrix transposition. Using this property and the cyclic property of
the trace, we can simplify the last part of equation (11) as

Tr0,N+1(U1V U2 ⊗ I )|�0,0〉0N+1〈�0,0|(U1V
′U2 ⊗ I )†

= Tr0,N+1(U1 ⊗ I )(V ⊗ I )(U2 ⊗ I )|�0,0〉0N+1〈�0,0|(U2 ⊗ I )†(V ′ ⊗ I )†(U1 ⊗ I )†

= Tr0,N+1(V ⊗ I )
(
I ⊗ Ut

2

)|�0,0〉0N+1〈�0,0|
(
I ⊗ Ut

2

)†
(V ′ ⊗ I )†

= Tr0,N+1

(
I ⊗ Ut

2

)
(V ⊗ I )|�0,0〉0N+1〈�0,0|(V ′ ⊗ I )†

(
I ⊗ Ut

2

)†
= Tr0,N+1(V ⊗ I )|�0,0〉0N+1〈�0,0|(V ′ ⊗ I )†. (13)

Since (13) does not depend on (l1,m1), . . . , (lk−1,mk−1) and (lk+L,mk+L), . . . , (lN , kN), we
can rewrite equation (11) as

ρL = 1

(n2 − 1)L

∑
(lk ,mk)�=(0,0)

∑
(l′k ,m

′
k)�=(0,0)

· · ·
∑

(lL+k−1,mL+k−1)
�=(0,0)

∑
(l′L+k−1,m

′
L+k−1)

�=(0,0)

∣∣�lk,−mk

〉
k̄k

〈�l′k ,−m′
k
|

· · · ∣∣�lL+k−1,−mL+k−1

〉
L+k−1L+k−1

〈
�l′L+k−1,−m′

L+k−1

∣∣ Tr0,N+1(V ⊗ I )|�0,0〉0N+1〈�0,0|(V ′ ⊗ I )†.

(14)

5
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From the form of the reduced density matrix (14), we note that the reduced density matrix does
not depend on both the starting site k and the total length of the chain N. The same property
for SU(2)S = 1 VBS state has already been proved in [34]. We can regard above result as an
SU(n) generalization of their result.

Since the reduced density matrix is independent of both k and N, we can set N = L

without loss of generality. We can further reduce the original problem to that of the reduced
density matrix of two end spins (� and �̄) using the following property of a bipartite pure
state. Suppose that |	〉AB is a bipartite pure state of a total system AB. Then there exist
orthonormal states |ψj 〉A for the subsystem A, and orthonormal states |φj 〉B for B such that

|	〉AB =
∑

j

√
pj |ψj 〉A|φj 〉B, (15)

where pj (>0) satisfy
∑

j pj = 1. This decomposition is called the Schmidt decomposition.
The proof of the above theorem using the singular value decomposition can be found in [45].
From equation (15), one can immediately note that the set of eigenvalues of ρA = TrB |	〉AB〈	|
coincides with that of ρB = TrA|	〉AB〈	|.

Now we can reduce the eigenvalue problem of ρL to that of the reduced density matrix
for end two spins ρL̂. ρL̂ has the following form:

ρL̂ = 1

(n2 − 1)L

∑
(l1,m1)�=(0,0)

· · ·
∑

(lL,mL)
�=(0,0)

(U ⊗ I )|�0,0〉0,L+1〈�0,0|(U ⊗ I )†, (16)

where U = Ul1,m1 · · ·UlL,mL
. To evaluate the eigenvalues of ρL̂, it is convenient to formulate

the action of (Ul,m ⊗ I ) as a transfer matrix. Let us first see the action of (Ul′,m′ ⊗ I ) on a
state |�l,m〉,

(Ul′,m′ ⊗ I )|�l,m〉 = (Xl′Zm′
XlZm ⊗ I )|�0,0〉 = ωm′l|�l+l′,m+m′ 〉, (17)

where we have used the relation ZX = ωXZ. Using the above relation, we can prove that

(Ul′,m′ ⊗ I )|�l,m〉〈�l,m|(Ul′,m′ ⊗ I )† = |�l+l′,m+m′ 〉〈�l+l′,m+m′ |. (18)

Next, we assign the vector (0, . . . , 0, 1((l,m)th entry), 0, . . . , 0)t to the state |�l,m〉〈�l,m|.
This one-to-one correspondence plays an essential role in our analysis. From this bijection,
the operation

∑
(l′,m′)�=(0,0)(Ul′,m′ ⊗ I )|�l,m〉〈�l,m|(Ul′,m′ ⊗ I )† can be written in terms of

(n2 × n2)-dimensional matrix as

T ≡

←−−− n2 −−−→⎛
⎜⎜⎜⎜⎜⎝

0 1 1 · · · 1
1 0 1 · · · 1
1 1 0 · · · 1
...

...
...

. . .
...

1 1 1 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ .

(19)

This transfer matrix can be diagonalized by the following unitary matrix:

Uc = 1

n

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · · 1

1 ζ ζ 2 · · · ζ n2−1

1 ζ 2 ζ 4 · · · ζ 2(n2−1)

...
...

...
. . .

...

1 ζ n2−1 ζ 2(n2−1) · · · ζ (n2−1)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (20)

6
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where ζ = exp(2π i/n2). Then we can obtain the explicit form of the reduced density matrix
ρL̂ as

ρL̂ = 1

(n2 − 1)L
T L(1, 0, . . . , 0)t

= 1

(n2 − 1)L
Uc[diag(n2 − 1,−1, . . . ,−1)]LU †

c (1, 0, . . . , 0)t

= 1

n2
(1 + (n2 − 1)pn(L))|�0,0〉0N+1〈�0,0|

+
1

n2

∑
(l,m)�=(0,0)

(1 − pn(L))|�l,m〉0N+1〈�l,m|, (21)

where we have used the relation, 1 + ζ k + ζ 2k + · · · + ζ (n2−1)k = 0 (1 � k � n2 − 1) and
pn(L) = ( −1

n2−1

)L
. Substituting n = 2 into equation (21), one can reproduce the result of the

SU(2)S = 1 VBS state obtained in [34].
Let us now start the evaluation of the von Neumann and the Rényi entropies of a

block of L contiguous spins. First, we shall examine the von Neumann entropy of the
block. From the Schmidt decomposition and the definition of the von Neumann entropy
S(ρL) = S(ρL̂) = −Tr0,L+1(ρL̂ log ρL̂), we obtain

S(ρL) = 2 log n − 1 + (n2 − 1)pn(L)

n2
log(1 + (n2 − 1)pn(L))

− (n2 − 1)
1 − pn(L)

n2
log(1 − pn(L)) (22)

with pn(L) = ( −1
n2−1

)L
. Similarly to the SU(2) integer-S VBS states [34, 35, 36] and the

XY spin chains in the gapped regime [6, 39–41], S(ρL) is bounded by 2 log n in the limit of
large block sizes (L → ∞) and approaches to this value exponentially fast in L. This is a
partial proof of the conjecture proposed by Vidal et al [3], that the von Neumann entropy of a
large block of spins in gapped spin chains shows saturation. Next we shall examine the Rényi
entropy of our system. From the definition of the Rényi entropy Sα(ρL) = 1

1−α
log Tr

(
ρα

L

)
(α �= 1,and α > 0),

Sα(ρL) = 1

1 − α
log(λ0,0(L)α + (n2 − 1)λl,m�=0,0(L)α), (23)

where

λl,m(L) =

⎧⎪⎨
⎪⎩

1

n2
(1 + (n2 − 1)pn(L)), (l,m) = (0, 0)

1

n2
(1 − pn(L)) (l,m) �= (0, 0).

(24)

Now we consider the limit of large block sizes, i.e., L → ∞. In this case, λl,m become
degenerate and great simplification occurs

Sα(ρL) = 1

1 − α
log

((
1

n2

)α

+ (n2 − 1)

(
1

n2

)α
)

= 1

1 − α
log(n2)1−α

= 2 log n. (25)

Now we note that the Rényi entropy is independent of α and furthermore coincides with the von
Neumann entropy. This means that the reduced density matrix of a large block is proportional

7
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Figure 2. Construction of the edge state |p, q〉 in an open boundary spin chain. A white (black)
dot represents the SU(n) fundamental (conjugate) representation. A circle denotes the projection
onto the adjoint representation. The dotted line corresponds to the state |�p,q 〉.

to n2-dimensional identity matrix. In other words, a sufficiently large block of neighboring
spins has n2 effective degrees of freedom and in this reduced subspace, the block is maximally
entangled with the rest of the chain. Finally we consider the analytic property of the Rényi
entropy on the complex α-plane. In the large block limit, Sα(ρ∞) is independent of α and
hence Sα is completely analytic on α-plane. On the other hand, if we consider the finite-size
block, Sα(ρL) has branch cuts starting from αbc. The branch points αbc are determined from
the conditionλ0,0(L)α + (n2 − 1)λl,m�=0,0(L)α = 0. The explicit value of αbc is given by

αbc = (2m + 1)π i + log(n2 − 1)

log(λ0,0(L)/λl,m�=0,0(L))
(26)

with m ∈ Z. Since all the eigenvalues λl,m become degenerate in the limit of large block sizes,
the denominator of equation (26) becomes zero and hence αbc converge to the point at infinity.
This is the reason why the Rényi entropy in this limit is completely analytic on the complex
α-plane. We also find the novel even–odd alternation of the real part of αbc, i.e., Re[αbc] > 0
for even L, while Re[αbc] < 0 for odd L.

2.3. Reduced density matrix as a projector onto the subspace of edge states

As we have seen in the previous subsection, the von Neumann and Rényi entropies are obtained
from the reduced density matrix for end two spins (ρL̂). The number of degrees of freedom in
the subsystem can be counted from the von Neumann entropy as n2. This number coincides
with the number of edge states which are degenerate ground states of the AKLT model with
an open boundary condition. In the case of SU(2) AKLT model, the close relation between
the von Neumann entropy and the number of edge states has been extensively discussed
[35, 47]. In this subsection, we elucidate the direct relation between the reduced density
matrix (14) and the edge states. First, we consider the open boundary SU(n) AKLT model
with L sites. The Hamiltonian is given by Hopen = ∑L−1

k=1 Hk . The only difference from
equation (6) is that there are no boundary terms. The basis of the edge states is constructed as

|p, q〉 ≡ Cp,q

∑
(l1,m1)�=(0,0)

· · ·
∑

(lL,mL)
�=(0,0)

∣∣�l1,−m1

〉
1̄1 · · · ∣∣�lL−1,−mL−1

〉
L−1L−1

×PLL̄

((
Up,qUl1,m1 · · · UlL−1,mL−1 ⊗ I

)|�0,0〉LL̄

)
, (27)

where Cp,q is a normalization factor. Any linear combination of (27) is apparently the
ground state of Hopen. The graphical representation of the construction of this state is
shown in figure 2. The following orthogonality relation of edge state holds: 〈p, q|r, s〉 =
8
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C2
p,q(n

2 −1)Lδp,rδq,sλ−p,−q(L) (the subscripts −p and −q are modulo n). This can be shown
as follows:

〈p, q|r, s〉 = Cp,qCr,s

∑
(l1,m1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

LL̄〈�0,0|
(
Up,qUl1,m1 · · · UlL−1,mL−1 ⊗ I

)†

× PLL̄

(
Ur,sUl1,m1 · · ·UlL−1,mL−1 ⊗ I

)|�0,0〉LL̄

= Cp,qCr,s

∑
(l,m)

�=(0,0)

∑
(l1,m1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

LL̄〈�0,0|
(
Ul1,m1 · · · UlL−1,mL−1 ⊗ I

)†

× (Up,q ⊗ I )†|�l,m〉LL̄〈�l,m|(Ur,s ⊗ I )
(
Ul1,m1 · · · UlL−1,mL−1 ⊗ I

)|�0,0〉LL̄

= Cp,qCr,s(n
2 − 1)L−1

∑
(l′,m′)

λl′,m′(L − 1)

× LL̄〈�p+l′.q+m′ |(1 − |�0,0〉LL̄〈�0,0|)|�r+l′,s+m′ 〉LL̄

= C2
p,q(n

2 − 1)Lδp,rδq,sλ−p,−q(L). (28)

Here we have recalled equation (16) and have used the relation∑
(l1,m1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

(
Ul1,m1 · · ·UlL−1,mL−1 ⊗ I

)|�0,0〉LL̄〈�0,0|
(
Ul1,m1 · · · UlL−1,mL−1 ⊗ I

)
†

= (n2 − 1)L−1ρ
̂L−1 = (n2 − 1)L−1

∑
(l,m)

λl,m(L − 1)|�l,m〉LL̄〈�l,m|. (29)

The explicit form of the normalization factors Cp,q are given by Cp,q =
1/

√
(n2 − 1)Lλ−p,−q(L). Next, we try to write ρL in terms of the basis of edge states.

By the original definition,

ρL = Tr0,L+1|G〉〈G|
= 1

(n2 − 1)L

∑
(p,q)

∑
(l1,m1)�=(0,0)

∑
(l′1,m

′
1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

∑
(l′L−1,m

′
L−1)

�=(0,0)

× ∣∣�l1,−m1

〉 〈
�l′1,−m′

1

∣∣ · · · ∣∣�lL−1,−mL−1

〉 〈
�l′L−1,−m′

L−1

∣∣
× PLL̄

(
Up,qUl1,m1 · · ·UlL−1,mL−1 ⊗ I

)|�0,0〉LL̄

× 〈�0,0|
(
Up,qUl′1,m

′
1
· · · Ul′L−1,m

′
L−1

⊗ I
)†

PLL̄. (30)

Then comparing with equation (27), we obtain

ρL =
∑
(p,q)

λ−p,−q(L)|p, q〉〈p, q|, (31)

where λ−p,−q(=λn−p,n−q) was defined in equation (24). Therefore we conclude that the
reduced density matrix of a block of contiguous spins in the ground state is completely
characterized by the ground states of corresponding open spin chain. In the limit of large
block sizes, i.e., L → ∞, ρL can be written as

ρL = 1

n2

∑
(p,q)

|p, q〉〈p, q|. (32)

In this limit, the limiting density matrix can be regarded as a projector which projects on a
subspace spanned by the degenerate ground states for open boundary AKLT model.

9
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3. The periodic SU (n) VBS state

In this section, we shall focus on the von Neumann and the Rényi entropies of the periodic
SU(n) VBS state. The periodic VBS state with length N can be constructed by acting the
projection operator on the edges of the VBS state with boundary spins. We use the following
representation for the ground state:

|Gp〉 = 1

N
∑

(l1,m1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

∑
(lL+1,mL+1)�=(0,0)

· · ·
∑

(lN ,mN )
�=(0,0)

× ∣∣�l1,−m1

〉
1̄1 · · · ∣∣�lL−1,−mL−1

〉
L−1L−1

∣∣�lL+1,−mL+1

〉
L+1L+1 · · · ∣∣�lN,−mN

〉
NN

× PLL

(
UlL+1,mL+1 · · · UlN ,mN

Ul1,m1 · · · UlL−1,mL−1 ⊗ I
)|�0,0〉LL, (33)

where N 2 = (n2 − 1)N(1 + (n2 − 1)pn(N))/n2 is a normalization factor. In the above state,
the Lth site consists of the left (�) and right (�̄) ‘spins’ in the original open SU(n) VBS state.
The reduced density matrix of a block of contiguous spins with length L is given by

ρN,L = TrL+1···N |Gp〉〈Gp|

= 1

N 2

∑
(l1,m1)�=(0,0)

∑
(l′1,m

′
1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

∑
(l′L−1,m

′
L−1)

�=(0,0)

∑
(lL+1,mL+1)�=(0,0)

· · ·
∑

(lN ,mN )
�=(0,0)

× ∣∣�l1,−m1

〉
1̄1

〈
�l′1,−m′

1

∣∣ · · · ∣∣�lL−1,−mL−1

〉
L−1L−1

〈
�l′L−1,−m′

L−1

∣∣
× PLL(V1U3 ⊗ I )|�0,0〉LL〈�0,0|(V ′

1U3 ⊗ I )†PLL, (34)

where V1 = Ul1,m1 · · · UlL−1,mL−1 , V
′

1 = Ul′1,m
′
1
· · ·Ul′L−1,m

′
L−1

and U3 = UlL+1,mL+1 · · ·UlN ,mN
.

Here it is convenient to introduce the following density matrix:

ρ
̂N−L

= 1

(n2 − 1)N−L

∑
(lL+1,mL+1)�=(0,0)

· · ·
∑

(lN ,mN )
�=(0,0)

(U3 ⊗ I )|�0,0〉LL〈�0,0|(U3 ⊗ I )†

=
∑
(l,m)

λl,m(N − L)|�l,m〉LL〈�l,m|. (35)

The above expression is obtained from equation (16) by replacing L with N −L. Equation (34)
can be written in terms of ρ

̂N−L
as

ρN,L = 1

N 2
(n2 − 1)N−L

∑
(l1,m1)�=(0,0)

∑
(l′1,m

′
1)�=(0,0)

· · ·
∑

(lL−1,mL−1)
�=(0,0)

∑
(l′L−1,m

′
L−1)

�=(0,0)

∣∣�l1,−m1

〉
1̄1

〈
�l′1,−m′

1

∣∣

× · · · ∣∣�lL−1,−mL−1

〉
L−1L−1

〈
�l′L−1,−m′

L−1

∣∣PLL(V1 ⊗ I )ρ
̂N−L

(V ′
1 ⊗ I )

†
PLL,

= 1

N 2
(n2 − 1)N−L

∑
(l,m)

λl,m(N − L)
∑

(l1,m1)�=(0,0)

∑
(l′1,m

′
1)�=(0,0)

× · · ·
∑

(lL−1,mL−1)
�=(0,0)

∑
(l′L−1,m

′
L−1)

�=(0,0)

∣∣�l1,−m1

〉
1̄1

〈
�l′1,−m′

1

∣∣ · · · ∣∣�lL−1,−mL−1

〉
L−1L−1

× 〈�l′L−1,−m′
L−1

|PLL(V1 ⊗ I )|�l,m〉LL〈�l,m|(V ′
1 ⊗ I )

†
PLL. (36)

10
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Here we recall the basis of edge states (27) and obtain

ρN,L = 1

N 2
(n2 − 1)N−L

∑
(l,m)

λl,m(N − L)

C2
l,m

|l, m〉〈l, m|,

=
∑
(l,m)

λl,m(N,L)|l, m〉〈l, m|, (37)

where λl,m(N,L) = λl,m(N−L)

N 2C2
l,m

(n2−1)N−L are eigenvalues of the reduced density matrix. They

are explicitly given by

λl,m(N,L) =

⎧⎪⎪⎨
⎪⎪⎩

1

n2

(1 + (n2 − 1)pn(N − L))(1 + (n2 − 1)pn(L))

(1 + (n2 − 1)pn(N))
(l,m) = (0, 0)

1

n2

(1 − pn(N − L))(1 − pn(L))

(1 + (n2 − 1)pn(N))
(l,m) �= (0, 0).

(38)

Putting n = 2 into equation (38) reproduces the results of S = 1 case obtained in [47].
Now we know the reduced density matrix of a block with arbitrary system size N,

subsystem size L and internal degrees of freedom n, we can study the finite-size effect on
entanglement properties. In the limit of N → ∞, the set of eigenvalues of the density
matrix ρN,L becomes equivalent to that of the VBS state with boundary spins, and hence the
entanglement properties are identical to each other. The explicit form of the entanglement is
similar to that in the previous section. The von Neumann and the Rényi entropies for periodic
case are written as

S(ρN,L) = −λ0,0(N,L) log λ0,0(N,L) − (n2 − 1)λl,m�=0,0(N,L) log λl,m�=0,0(N,L),

Sα(ρN,L) = 1

1 − α
log(λ0,0(N,L) + (n2 − 1)λl,m�=0,0(N,L)).

(39)

Similarly to the previous section, both S(ρN,L) and Sα(ρN,L) approach 2 log n in the
thermodynamic limit. Here what we mean by thermodynamic limit is the limit in which
N → ∞, L → ∞ with a parameter L/N fixed at some value.

As we saw in the calculation of the reduced density matrix, we found non-trivial
consequence that the reduced density matrix is completely written in terms of the edge
states of the open boundary AKLT model which corresponds to the Hamiltonian describing
the subsystem ripped off by tracing out. It clarifies the edge state interpretation of the
entanglement entropy, which is also discussed in several papers [35, 36, 46, 47], in more
detail. We can see the separation of the eigenvalues of the reduced density matrix, i.e.,
λ0,0(N,L) �= λl,m�=0,0(N,L) in finite-size systems. Here we shall explain the physical
meaning of this separation. This is due to the qualitative difference between the singlet
state |0, 0〉 and the adjoint states |l, m〉, (l, m) �= (0, 0) induced by the effective coupling of
residual edge ‘spins’ on the boundaries of the subsystem. In the thermodynamic limit, the
reduced density matrix is proportional to the identity matrix, which indicates the absence of
the effective coupling in this limit and hence the edge spins behave freely without interaction.
Therefore, the von Neumann entropy is proportional to the logarithm of the number of degrees
of freedom due to the residual edge spins.

4. Summary and discussions

We analyzed entanglement in the ground state of the SU(n) version of AKLT model. We
consider a block of spins in the ground state, it is in the mixed state. We evaluated the von
Neumann entropy and the Rényi entropy of the block. We first examined the VBS ground
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state with boundary spins. We found that the great simplification occurs in the limit of large
block sizes. In this case, the Rényi entropy is independent of the parameter α and furthermore
it coincides with the value of von Neumann entropy 2 ln n. This means that the density matrix
of the block is proportional to identical matrix of dimension n2. We clarified that subspace of
eigenvectors of the density matrix with nonzero eigenvalues describes the degenerate ground
states of the block, i.e., edge states. We studied the finite-size effect on the Rényi entropy
in terms of analyticity on the complex α-plane. Then we studied the periodic VBS state. In
this case, we also obtained the exact expression for the reduced density matrix and found the
essential simplification in the thermodynamic limit.
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